
www.manaraa.com

  

A
ll 

R
ig

ht
s 

R
es

er
ve

d 
- 

L
ib

ra
ry

 o
f 

U
ni

ve
rs

ity
 o

f 
Jo

rd
an

 -
 C

en
te

r 
 o

f 
T

he
si

s 
D

ep
os

it



www.manaraa.com

 

 

 

 

A
ll 

R
ig

ht
s 

R
es

er
ve

d 
- 

L
ib

ra
ry

 o
f 

U
ni

ve
rs

ity
 o

f 
Jo

rd
an

 -
 C

en
te

r 
 o

f 
T

he
si

s 
D

ep
os

it



www.manaraa.com

                   

 

  

 

 

A
ll 

R
ig

ht
s 

R
es

er
ve

d 
- 

L
ib

ra
ry

 o
f 

U
ni

ve
rs

ity
 o

f 
Jo

rd
an

 -
 C

en
te

r 
 o

f 
T

he
si

s 
D

ep
os

it



www.manaraa.com

 

 

 

 

A
ll 

R
ig

ht
s 

R
es

er
ve

d 
- 

L
ib

ra
ry

 o
f 

U
ni

ve
rs

ity
 o

f 
Jo

rd
an

 -
 C

en
te

r 
 o

f 
T

he
si

s 
D

ep
os

it



www.manaraa.com

                   

 

 

 

 

A
ll 

R
ig

ht
s 

R
es

er
ve

d 
- 

L
ib

ra
ry

 o
f 

U
ni

ve
rs

ity
 o

f 
Jo

rd
an

 -
 C

en
te

r 
 o

f 
T

he
si

s 
D

ep
os

it



www.manaraa.com

iii 
 

 

 

 

 

DEDICATION 

 

 

 

 

 To my father, who has given his unlimited and unconditional love and care, 

without his support, I could not succeed. 

 To my loving mother, whose presence has been my motivation.  

 To my wife and my kids. 

 To my brothers and sister. 

 To all whom I love. 

A
ll 

R
ig

ht
s 

R
es

er
ve

d 
- 

L
ib

ra
ry

 o
f 

U
ni

ve
rs

ity
 o

f 
Jo

rd
an

 -
 C

en
te

r 
 o

f 
T

he
si

s 
D

ep
os

it



www.manaraa.com

iv 
 

 

 

 

 

 

  

 

ACNOWLEDGMENT 

 

 

 

      I want to thanks my Prof Hamzeh M.Duwairi in deep for his cooperation all over my work. 

I also would like to thanks extended to the committee: Prof. Mahmoud Ahmad Hammad, Dr. 

Adnan Jaradat and Dr. N.Beithou. . Finally, I want to thanks all those people who provided 

me with information, help, advice and support. And for all, we dedicate this project. 

 

 

 

 

 

 

 

 
A

ll 
R

ig
ht

s 
R

es
er

ve
d 

- 
L

ib
ra

ry
 o

f 
U

ni
ve

rs
ity

 o
f 

Jo
rd

an
 -

 C
en

te
r 

 o
f 

T
he

si
s 

D
ep

os
it



www.manaraa.com

v 
 

 

LIST OF CONTENTS: 

 

COMMETEE DECISION..……………………………..……………………...…..…………… ii 

DEDICATION…………..……………..……………………………….……...…..…………… iii 

ACKNOWLEDGEMENT………………..………………………………………..…………….iv 

LIST OF CONTENTS…….……………………………………..…………………………......…v 

LIST OF FIGURES.…………....…………………………………………....………………….. viii 

NOMENCLATURE..……………...……………………………………….................................xi 

ABSTRACT….………………………….………………...........................………………….....xiv 

CHAPTER 1: Introduction…………...………………………………….……………………...1 

 

1.1 Introduction ……………..…………………………………………………………………...2 

1.2 Momentum equation and Porous medium …...……………………………………………...2 

1.3 MHD Flow……………………………………………………………..…………………….4 

1.4 Boussinesq Approximation…………………………………………………………………..7 

CHAPTER 2: Literature Review ………………………………....…………………….….…..8 

2.1. introduction…………………………………………………………………………………...9 

2.1.1 internal flow ………………………………………………………………………………...9 

2.1.2 external flow ………………………………………………………………………………10 

 

 

A
ll 

R
ig

ht
s 

R
es

er
ve

d 
- 

L
ib

ra
ry

 o
f 

U
ni

ve
rs

ity
 o

f 
Jo

rd
an

 -
 C

en
te

r 
 o

f 
T

he
si

s 
D

ep
os

it



www.manaraa.com

vi 
 

CHAPTER 3: Problem Formulations …………………...……………………………...…….13  

3.1 Introduction …………...……….………………………………………………...………....14 

3.2 Governing equations ………………………………………………………………………...14 

3.3 dimensionless forms of governing equations  ……………………………………………….17 

CHAPTER 4: Numerical Solution ………….……....................………...……………...…….22  

4.1 Introduction …………...……….………………………………………………...………......23 

4.2  Discretization of governing equations ………………………… .………………….………23 

4.3 Second order accuracy of the boundary conditions …………………………………………25 

4.4 Numerical solution justification ………..……………………………………………………29 

CHAPTER 5: Results and Discussion……………………....……..…...…...…………...…….31  

5.1 Introduction …………...……….………………………………...………………………......32 

5.2 The results without viscous and Joule heating effects ………………………………………32 

5.2.1 Magneto hydrodynamic effects: ………………………………………………………….32 

5.2.2 The Modified Rayleigh number effects: ………………………………………………....38 

5.2.3 The inclination angle of the enclosure effects: ………………………………………….43 

5.3 The results with viscous and Joule heating effects: ………………………………………47 

5.3.1 Magneto hydrodynamic effects:…………………………………………………………47 

5.3.2 The Gebhart number effects: ……………………………………………………………53 

5.3.3 Modified Rayleigh number effects: ……………………………………………………..57 

A
ll 

R
ig

ht
s 

R
es

er
ve

d 
- 

L
ib

ra
ry

 o
f 

U
ni

ve
rs

ity
 o

f 
Jo

rd
an

 -
 C

en
te

r 
 o

f 
T

he
si

s 
D

ep
os

it



www.manaraa.com

vii 
 

5.3.4 The inclination angle of the enclosure effects:…………………………………………..61 

5.4 Forchheimer number effects:……………………………………………………………...66 

 

CHAPTER 6: Conclusion and Recommendations………..…...…..………………….….70  

6.1 Conclusion …………...……….……………………….………………………..............71 

6.2 Recommendations ………………………………………………………………….......72 

REFERENCES ……………………………………………………………………………..73 

APPENDIX…………………………………………………………………………………76 

ABSTRACT IN ARABIC ………………………………………………………………….79 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A
ll 

R
ig

ht
s 

R
es

er
ve

d 
- 

L
ib

ra
ry

 o
f 

U
ni

ve
rs

ity
 o

f 
Jo

rd
an

 -
 C

en
te

r 
 o

f 
T

he
si

s 
D

ep
os

it



www.manaraa.com

viii 
 

LIST OF FIGURES 

FIGURE                                            Description 

3.1 Schematic of physical model and coordinate system 

4.1 Nodal points used. 

4.2  

Predicted results of the streamlines and isotherms for a vertical layer heated from 

the bottom obtained between the present results and those obtained by Vasseur et 

al. 

 

4.3 Variation of mean Nusselt number with     for various ϕ. (a) Present work, (b) 

Vasseur et al.   

5.1 Typical dimensionless streamline for various magnetic influence numbers. 

5.2 Typical dimensionless temperature patterns for various magnetic influence 

numbers.  

5.3 Fig. 5.3 Variation of Nu-mean with     for an enclosure. 

 

5.4 Typical dimensionless streamline patterns for various Darcy-modified Rayleigh 

numbers. 

5.5 Typical dimensionless temperature patterns for various Darcy-modified Rayleigh 

numbers. 

5.6 Variation of Nu-mean with Raw for an enclosure for various A  

5.7 Typical dimensionless streamline patterns for various inclination angle of the 

enclosure.  

5.8 Typical dimensionless temperature patterns for various inclination angle of the 

enclosure.  

5.9 Variation of mean Nusselt number and dimensionless center-stream function with 

A
ll 

R
ig

ht
s 

R
es

er
ve

d 
- 

L
ib

ra
ry

 o
f 

U
ni

ve
rs

ity
 o

f 
Jo

rd
an

 -
 C

en
te

r 
 o

f 
T

he
si

s 
D

ep
os

it



www.manaraa.com

ix 
 

angle of inclination for an enclosure for various     . 

5.10 Variation of mean Nusselt number and dimensionless center-stream function with 

angle of inclination for an enclosure for various     . 

5.11 Typical dimensionless streamline patterns for various magnetic influence numbers.  

5.12 Typical dimensionless temperature patterns for various magnetic influence 

numbers.  

5.13 Variation of Nu-mean with     for an enclosure  

5.14 Typical dimensionless streamline and dimensionless temperature patterns for 

various Gebhart numbers.  

5.15 Variation of Nu-mean at the cold-side wall with Ge for an enclosure. 

5.16 Typical dimensionless streamline patterns for various Darcy-modified Rayleigh 

numbers . 

5.17 Typical dimensionless temperature patterns for various Darcy-modified Rayleigh 

numbers. 

5.18 Variation of Nu-mean with     for an enclosure for various A . 

5.19 Typical dimensionless streamline patterns for various inclination angle of the 

enclosures. 

5.20 Typical dimensionless temperature patterns for various inclination angle of the 

enclosures. 

5.21 Variation of mean Nusselt number and dimensionless center-stream function with 

angle of inclination for an enclosure for various     . 

5.22 Variation of mean Nusselt number and dimensionless center-stream function with 

angle of inclination for an enclosure for various     . 

5.23 Variation of mean Nusselt number and dimensionless center-stream function with 

angle of inclination for an enclosure for various Ge 

A
ll 

R
ig

ht
s 

R
es

er
ve

d 
- 

L
ib

ra
ry

 o
f 

U
ni

ve
rs

ity
 o

f 
Jo

rd
an

 -
 C

en
te

r 
 o

f 
T

he
si

s 
D

ep
os

it



www.manaraa.com

x 
 

5.24  Typical dimensionless streamline and dimensionless temperature patterns for 

various Forchheimer numbers . 

5.25 Variation of Nu-mean with Forchheimer number for an enclosure . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A
ll 

R
ig

ht
s 

R
es

er
ve

d 
- 

L
ib

ra
ry

 o
f 

U
ni

ve
rs

ity
 o

f 
Jo

rd
an

 -
 C

en
te

r 
 o

f 
T

he
si

s 
D

ep
os

it



www.manaraa.com

xi 
 

Nomenclature 

 

 

A The aspect ratio of the enclosure.  

     The magnetic field strength vector, [wb/ m
2
] 

   magnatic field strength, [wb/ m
2
] 

    Forchheimer constant. 

           Specific heat at constant pressure, [kJ/kg.K] 

           Diameter of spherical beads.[m] 

     The electric field vector, [volt/ m] 

      The magnetic force, [N] 

      The total electromagnetic force, [N] 

           The total electromagnetic force, [N] 

Fr Forchheimer number.  

g  Gravitational acceleration, [m/ s
2
] 

         The Gebhart number. 

H The length in y-direction, [m] 

     The magnetic field intensity. [ampere/ m] 

    The magnetic influence number.  

   The current density, [ampere/ area] 

              The conduction current flow. 

           The magnetic field induces a current in the conductor. 

K Permeability, [m
2
] 

k Thermal conductivity of the porous  media and fluid, [W/m.K] 

P Pressure, [Pa] 

    Modified Rayleigh number.  

A
ll 

R
ig

ht
s 

R
es

er
ve

d 
- 

L
ib

ra
ry

 o
f 

U
ni

ve
rs

ity
 o

f 
Jo

rd
an

 -
 C

en
te

r 
 o

f 
T

he
si

s 
D

ep
os

it



www.manaraa.com

xii 
 

T the fluid temperature, [K] 

 
   Average surface temperature, [K] 

 

u The velocity in x direction, [m/ s] 

              The velocity of the conductor, [m/ s] 

v The velocity in y direction, [m/ s] 

       The work done on the system per unit time by the electromagnetic force, [Watt] 

W The length in x-direction, [m] 

Greek symbols 

            Thermal diffusivity, [m
2
/ s] 

  Absolute viscosity,  [kg/m.s] 

 
 
 The magnetic permeability. 

  Dynamic viscosity, [m
2
/ s] 

           Porosity.  

  The fluid density, [kg/ m
3
] 

 
 
 The fluid density at some reference temperature, [kg/ m

3
] 

 
 
        The charge density. 

  Electrical conductivity, [     ] 

  Coefficient of thermal expansion, [   ] 

   The inclination angle of the enclosure, [degrees] 

  Streamline function. 

   Dimensionless stream function.  

Subscripts 

           To describe the nodal points in the x-direction. 

j To describe the nodal points in the y-direction. 

N         Number of nodal points in the y-direction. 

M         Number of nodal points in the x-direction. 
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          The increment in the x-direction. 

          The increment in the y-direction. 

centre   The centre of the enclosure. 

Mean    The average Nusselt number. 
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ABSTRACT 

 

In this present study the magnetohydrodynamics (MHD) natural convection iso-flux problem 

inside a porous media filled inclined rectangular enclosures is studied numerically. An iso-

heat flux is applied for heating the two opposing walls of the enclosure while the other two 

walls are adiabatic. The Forchheimer extension of Darcy-Oberbeck-Boussinesq and energy 

equations are going to be transformed into dimensionless form using a set of suitable 

variables then solved by  using a finite difference scheme. Governing parameters are the 

magnetic influence number, the Rayleigh number, the inclination angle, and the aspect ratio 

of the enclosure. It is found that when the increasing of (Ha
2
 )decreases the heat transfer 

coefficient and the fluid flow velocities, which is due to unfavorable retarding forces between 

the fluid layers, the increasing the (Ge) number decreases heat transfer rates, the Maximum 

heat transfer rates are obtained for inclination angels nearly 60
◦
,and the increasing the (For) 

number  decreases the Nusselt number .  
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Chapter 1 

Introduction 
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1.1  Introduction: 

 The Darcy effects on natural convection in porous media have received a great deal of attention 

in recent years. This is due to a large number of technical applications, such as, fluid flow in 

geothermal reservoirs, separation processes in chemical industries, dispersion of chemical 

contaminants through water saturated soil, solidification of casting, migration of moisture in 

grain storage system, crude oil production, etc.[ Nield]. 

 

The study of fluid, which is electrically conducted and moves in a magnetic field, is known as a 

magneto hydrodynamics (MHD), the generated current interacts with the magnetic field to 

produce a body force on the fluid.  

 

1.2 Momentum equation and Porous medium  

Flow in porous medium is generalized by Darcy’s law. It shows the volumetric flow rate is a 

function of the flow area, elevation and fluid pressure. It may be stated in several different forms 

depending on the flow conditions. Since its discovery, it has been found valid for any Newtonian 

fluid, while it was established under saturated flow conditions, it may be adjusted to account for 

unsaturated and multiphase flow this is expressed, in refined form, by:- 
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           where   is Permeability, which is a measure of the ease with which fluids may transfer  through 

medium under the influence of a driving pressure, 
   

  
 is the pressure gradient in the flow 

direction and   is the dynamic viscosity of the fluid.  

 

Darcy’s equation (1.1) is linear in the velocity u, it holds when u is sufficiently small. In practice, 

“sufficiently small” means that is of order unity or smaller. As u increases, the transition to 

nonlinear drag is quite smooth; there is no sudden transition as Re is increased in the range 1 to 

10. Clearly this transition is not one from laminar to turbulent flow, since at such comparatively 

small Reynolds numbers the flow in the pores is still laminar. Rather, the breakdown in linearity 

is due to the fact that the form drag due to solid obstacles is now comparable with the surface 

drag due to friction. The appropriate modification to Darcy’s equation is to replace Eq. (1.1) by 

   
 

 

  

  
 

   

  
                                                                        

where    is Forcheimer constant and where   is the fluid density and K is  permeability of the 

porous medium.  
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1.3 MHD Flow 

The research of MHD in porous medium has been conducted widely in recent years, which 

involves post-accidental heat rem 

oval in nuclear reactors, cooling of radioactive waste containers, the migration of moisture 

through the air contained in fibrous insulations, heat exchangers, solar power collectors, grain 

storage, energy efficient drying process, electrical discharges, and many others. Some basic 

electromagnetic concept as follows:   

For a neutrally charged system the current density    is given by: 

                                                                                         

where   is the electrical conductivity and      is the electric field vector. The magnetic field 

strength       is expressed by: 

                                                                                           

where    is called the magnetic permeability and      is the Magnetic field intensity. The force 

exerted on a system of charged particles by an electric field is given by: 

                                                                                           

 

 

where    is the charge density. The magnetic force exerted on a current is expressed by: 

                                                                                           

The total electromagnetic force is given by: 
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The power done on the system per unit time by the electromagnetic force is expressed by: 

                                                                                          

where V is the velocity of the conductor. 

 

The magnetic field induces a current in the conductor is given by: 

                                                                                                 

 

Then, the conduction current flow is given by: 

                                                                                                      

 

And the total current flow is given by: 

                                                                                                           

 

For the electromagnetic work Holman (1990): 

            
       
 

                                                                           

 

 

 The governing equations that describe the problem under consideration can be written  

 

as: The continuity equation: [Bilgen et al] 
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The momentum equation in x and y-directions: [Bilgen et al] 

            
  

 
 

   

  
      

     
  

  
                                                         

                     
  

 
 

   

  
      

     
  

  
                                                            

                                 

The energy equation: [Bilgen et al] 

 

                      
  

  
  

  

  
 

 

   
 

        

    
        

     
 

   
    

    

 
    

   
 

   
             

where:- 

 T: The fluid temperature. 

 

 

  S: Average surface temperature. 

 

 The term (   
 ) represents the effect of magnetic field force. 

 The term (
   

 

   
) represents the work done by magnetic field force.  

   :  is inclination angle of the enclosure.      
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1.4 Boussinesq Approximation: 

In this case we add the gravitational term      to the right-hand side of the Forchheimer’s 

equation (1.2) to show the convection heat transfer effect, the density of the fluid must be a 

function of the temperature, and hence we need an equation of state to complement the equations 

of mass, momentum, and energy. When temperature is changed the density of a fluid can be 

expressed as: 

                                                                             

 

where    is the fluid density at some reference temperature    and   is the coefficient of thermal 

expansion. Joseph Boussinesq (1903) was the first practitioner of buoyancy-driven flows for 

small density and temperature differences in the fluid. The approximation consists of setting 

constants all the properties of the medium, except that the vital buoyancy term involving   is 

retained in the momentum equation. 
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Chapter 2 

Literature Review 
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2.1 Introductions 

Geothermal operation, nuclear reactors, transportation, separation processes in chemical industries, 

cooling building thermal insulation, are well-known applications of the extensive studies on the porous 

media flow and heat transfer, which has been started by Darcy, in the 19th century. 

2.1.1 Internal flow 

Kim and Lee (2000) set up an experiment using a circular cylinder where electrodes and magnets are 

installed in an alternative sequence in axial direction of the cylinder to generate magnetic force in the 

circumferential direction. It is found that the thermal boundary layer is developed near the bottom and 

side walls and the central regime near the top surface has least temperature gradient for both uniform and 

non-uniform heating cases. 

 

Garandet et al. (1992) had analyzed the equations of the magneto hydrodynamics that can be used to 

model the effect of a transverse magnetic field on the buoyancy driven convection in a two dimensional 

cavity. It is found that with the increase of magnetic field intensity, the magnetic force has more effects 

on the nonmetallic materials. 

Kumar and Kumar have conducted (2002) a numerical study on natural convection in porous trapezoidal 

enclosures using finite element method, they indicated that Nusselt number increases with the increasing 

angle of inclination of the walls of the trapezoidal enclosures. 

Baytas and Pop (1999) performed a numerical analysis to investigate the natural convection in a porous 

trapezoidal enclosure. They solved the Darcy and energy equations using alternative Direction Implicit 

finite-difference method. They indicated that conduction heat transfer regime is dominated for low 

Rayleigh numbers. The same method was used to investigate free convection in oblique enclosures filled 
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with a porous medium in their other study. They observed that near the sharp corners of the oblique 

enclosure the flow and temperature break down into a series of sub vortices. 

Duwairi and Shehadah (2008) have studied the MHD natural convection heat transfer problem inside a 

porous medium. Two sides of the rectangular enclosure are adiabatic and the other two are isothermal. 

Three-parameters are found to describe the problem under consideration, namely: the buoyancy 

parameter, the inclination angle parameter, and the magnetic effect parameter of the rectangular porous 

media-filled enclosure.  

2.1.2   External flow 

Badruddin et al. (2006) have studied the steady state heat transfer in a porous medium fixed in a vertical 

annular cylinder. The Darcy model of flow was employed and heat transfer was assumed to take place by 

natural convection and radiation. The governing equations were solved using the finite element method. 

They found that if interphase heat transfer coefficient and modified conductivity ratio are maintained at 

high values, then thermal equilibrium is approached with both solid and fluid phases having similar 

temperatures. 

 Sparrow and Cess (1961) have investigated the free convection heat transfer due to the simultaneous 

action of buoyancy and induced magnetic forces; the analysis is carried out for laminar boundary-layer 

flow about an isothermal vertical plate. They found that the free convection heat transfer to liquid metals 

may be significantly affected by the presence of magnetic field, but that very small effects are 

experienced by other fluid.  

.Raptis and Singh (1983) studied the effect of a uniform transform transverse magnetic field on the free 

convection flow of an electrically conducting fluid past an infinite vertical plate for classes of impulsive 

as well as uniformly accelerated motion of the plate. They found that the effect of the magnetic field 

A
ll 

R
ig

ht
s 

R
es

er
ve

d 
- 

L
ib

ra
ry

 o
f 

U
ni

ve
rs

ity
 o

f 
Jo

rd
an

 -
 C

en
te

r 
 o

f 
T

he
si

s 
D

ep
os

it



www.manaraa.com

11 
 

 
 

is to increase the velocity field on both cases. Henoch and Meng (1991) used the magnetic force to 

retard the transition to the turbulent boundary layer and reduce the frictional Darcy force. 

Hossain. Aldoss et al (1992) had studied the effect of viscous and Joule heating on the flow of an 

electrically conducting and viscous incompressible fluid past a semi-infinite plate of which temperature 

varies linearly with the distance from the leading edge and in the presence of uniform transverse magnetic 

field. The equations governing the flow are solved numerically applying the finite difference method 

along with Newton's linearization approximation. The combined effects of forced and natural convection 

heat transfer in the presence of transverse magnetic field from vertical surfaces are studied by many 

researchers.  

Jha (2001) has discussed the combined effect of natural convection and uniform transverse magnetic field 

on the Couette flow of an electrically conducting fluid between two parallel plates for impulsive motion 

of one plate. Comparative study is made between rile velocity field for magnetic field fixed with respect 

to plate and a fixed magnetic field with respect to the fluid. 

On other study, the effects of MHD-natural convection heat transfer from radiating vertical porous 

surfaces, they found non-similarity parameter to solve this problem with fluid suction or injection along 

the stream wise coordinate and found that the increasing of the magnetic field strength decreases the 

velocity and the heat transfer rates inside the boundary laye had studied by Duwairi and Damseh (2004, 

a). 

 Duwairi and Duwairi (2004, b) studied the thermal radiation heat transfer effects on the MHD-Rayleigh 

flow of gray viscous fluids under the effect of a transverse magnetic field, the free convection heat 

transfer problem from constant surface heat flux moving plate is selected for study. They found that the 

increasing of the magnetic field strength decreased the velocity inside the boundary layer. Duwairi and 

Al-Araj (2004, c) studied the MHD-thermal radiation interaction along a vertical cylinder embedded in a 
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plain medium; they found that the increasing of magnetic forces decreased velocities and heat transfer 

rates to the conductive fluids. The MHD-conjugative heat transfer problem from vertical surfaces 

embedded in saturated porous media; the inclusion of conduction parameter to the MHD traditional mixed 

convection problem is achieved has been formulated by Duwairi and Al-Kablawi (2006). 

 Duwairi et al. (2006) studied the transient MHD natural convection heat transfer problem using non-

Boussinesq approximation. Hammad and Duwairi (2008) had been solved the non-Newtonian MHD 

convection heat transfer problem around a non isothermal cylinder and spheres. Again the magnetic 

forces had retarding effects on the flow and heating effect of the fluid layers, which had decreased the 

local Nusselt numbers,  

In all the previous studied the MHD effects for externally flow are investigated either for fluid flow in a 

plain or a porous media, but little attention is given to the internal flow heat flux problem in. In the 

present study, the magnetohydrodynamics(MHD) natural convection heat transfer  effect inside an iso-

flux porous medium- filled inclined rectangular enclosures has been investigated numerically. An iso-heat 

flux is applied for heating the two opposing walls of the enclosure while the other walls are adiabatic. The 

governing equations, continuity, Forchheimer extension of Darcy law and energy, are going to be 

transformed into dimensionless form using a set of suitable variables and then solved using a finite 

difference scheme. Governing parameters are magnetic effect, Gebhart number, Darcy Rayleigh number, 

inclination angle, and the aspect ratio of the enclosure. 
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Chapter 3 

Problem Formulations 
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3.1 Introduction: 

In recent years a large number of analytical studies have been performed relating to the problem 

of MHD natural convection with filled enclosure and porous media. In this study the magneto 

hydrodynamics natural convection heat flux problem inside a porous media filled inclined 

rectangular enclosures is going to be studied. One wall of the enclosure is kept at a constant heat 

flux q1 and the opposite is kept at heat flux q2. The other two walls of the enclosure are adiabatic, 

i.e., it is assumed that no heat is transferred into or out of walls.  

 

3.2 Governing equations: 

In present work, consider the inclined rectangular enclosure, which is embedded in a fluid-

saturated porous media as shown in figure (3.1). In order to obtain the governing equation, some 

assumptions were made as following:- 

 The flow is steady and two dimensional. 

 The thermo physical properties of the fluid are homogeneous and isotropic. 

 The temperature of the fluid is everywhere below the boiling point. 

 The magnetic field is uniform throughout the boundary layer. 

 The fluid inside the enclosure is incompressible fluid. 

Under these assumptions the governing equations which describe the problem are: 

The continuity equation: 
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The momentum equation in x and y-directions: 

  

 
 

   

  
   

    
 

 
    

  

  
                                                  

  

 
 

   

  
   

    
 

 
    

  

  
                                                   

The energy equation: 

 
  

  
  

  

  
 

 

   
 
   

   
 

   

   
  

 

   
    

    

 
    

   
 

   
                             

 
where x and y are the distances measured along the horizontal and vertical  directions, 

respectively   is inclination angle of the enclosure, respectively; u and v are the velocity 

components in the x- and y- directions, respectively, the gravitational acceleration g is acting 

downward in the  Earth. Six-parameters are found to describe the problem under consideration 

namely;  

                a. (
  

 
): The Darcy effect parameter. 

                 b. g:The gravitational effect parameter. 

                 c. ϕ:inclination angle parameter. 

                 d. (
    

 

 
 ) and (

    
 

 
  ) : magnetic effect parameter. 

                 e.  
 

   
    

    

 
     The viscous heating effect parameter. 
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                 f. (
    

 

    
     The Joule heating effect parameter.  

 

The boundary conditions for the flow in the enclosure are: 

. 

In the left hand side wall 

 

In the right hand side wall 

 

In the upper adiabatic wall 

                                    

In the lower adiabatic wall  

          (3.5) 

 

where W and H is the width and the length of the enclosure as shown in figure (3.1). 
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Figure 3.1 Schematic of physical model and coordinate system 

 

3.3 dimensionless forms of governing equations  

 

  The numerical solutions are obtained in terms of the velocity components (u,v) and stream 

function   is evaluated using the relationship between the stream function   and the velocity 

components [Batchelor], where the stream function   is defined as:  
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It may be noted that, the positive sign of   denotes anti-clockwise circulation and the clockwise 

circulation is represented by the negative sign of  .In terms of the stream function, the 

continuity equation, i.e., Eq. (3.1) is: 

 

                                            
   

    
 

   

    
                                                                              

 

Derivation the momentum equation in x and y-directions, i.e., Eq. (3.2) and (3.3), with respect to 

y and x respectively and by subtracting the resulting equations, the pressure is eliminated and the 

following equation is obtained: 

 

 
 
  

  
 

  

  
  

   

  

   

  
 

   
 

 
 
  

  
      

  

  
         

                                                                   
 T)-(TS

  
      

 T)-(TS

  
                  

Using the definition of the stream function, Eq. (3.8) becomes: 

   

   
 

   

   
 

     

 

  

  

   

   
 

    
 

 
 
   

   
      

   

   
                          

                                                    
    

 
 

 T)-(TS

  
     

 T)-(TS

  
                        

 

In terms of the stream function, the energy equation, i.e., Eq. (3.4) is: 
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T)-(TS

  
 

  

  

 
T)-(TS

  
 

 

   
 

  T)-(TS

   
 

  T)-(TS

   
   

 

   

  

  
 
  

  
 

    

 
 
  

  
 

 

   
   

 

   
 
  

  
 

 

                      

 

 

The non-dimensional parameters are listed as 

                                       
 

 
   

 

 
  ,  

 

  
   

    
   

  

                                          

 where, as before, the apparent thermal diffusivity of the porous material     is equal to 
  

   
 . 

In terms of variables defined in Eq. (3.11), Eq. (3.10) and (3.9) become: 
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where     is the modified Rayleigh number based on the enclosure width W, i.e.: 

                                                                       
       

     
                                                               

Fr is the Forchheimer number based on the enclosure width W, i.e.: 

                                                         
      

  
                                                                        

     is the magnetic influence number, i.e.: 

                                        
    

 

 
                                                                                                                       

and Ge is the Gebhart number, i.e.: 

                                                
     

      
                                                                                 

the boundary conditions In terms of dimensionless variables defined in Eq. (3.11), are: 

1. Iso-flux walls 

 

                                            
  

  
 
   

                         
  

  
 
   

  
  

  
                                 (3.18) 

                                    

2. Adiabatic walls 

                                     
  

  
                                                                                

 

where A=    is the aspect ratio of the enclosure. 
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In terms of the stream function, the boundary conditions on the velocity component normal to 

wall are: 

  

  
                               

                                                        
  

  
                                                    

The absolute value of the stream function will arbitrarily be assumed that the stream function has 

a value of 0 at the point A shown in fig. (3.1).the boundary conditions   is 0 at point A, it is zero 

everywhere along AB. and BC in the walls boundary In similar way, it can be deduced that   is 

0 everywhere along CD and DA.  
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Chapter 4 

Numerical Solution 
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4.1 Introduction: 

 

In recent years a large number of numerical methods have been developed for the solving of 

boundary layer equations, such as the finite difference method, Galerkin method, and finite 

element method. Of these, the finite difference method is at present the most common for 

boundary layer equations. Many different finite difference representations are possible for any 

given partial differential equation; derivatives are approximated by finite difference resulting in 

an algebraic representation of the partial differential equation. 

 

. 

4.2 Discretization of governing equations 

Finite difference method is used to solve governing equations by using central difference method 

is applied for discretization of equations, basically identical to that used before to solve for a 

flow in a fluid-filled enclosure, will be discussed. If a uniformly spaced grid is used and if 

attention is directed to the grid points, as shown in fig. (4.1), the following finite-difference form 

of Eq. (3.13) is obtained: 

 
             

   
  

             

   
   

             

   
  

             

   
   

                   

      
                   

     

   
             

   
   

             

   
      

             

   
 
 

            
             

   
 
 

                                                                                                                           

 

                               (4.1) 
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Fig. 4.1 Nodal points used. 

 

The first guessed values are  necessary  used in iterative procedure to updated the values and 

repeat the process until convergence is attained , The above equation is written in term of the 

stream function defined as:- 

 

       
             

   
   

             

   
            

             

   
 

 

     
             

   
   

             

   
      

             

   
 

 

  

   
             

   
  

             

   
   

             

   
  

             

   
     

    
 

    
                     (4.2) 

The right-hand side of this equation is calculated using the “most recent” values of the variables. 

Under-relaxation is actually used so the updated value of  is given by: 
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Where     
  is the value of       at the previous iteration and      

     is the value given by Eq. (4.2) , r 

(< 1) is again the under-relaxation parameter. 

 

4.3 Second order accuracy of the boundary conditions 

 

The boundary conditions determine the dimensionless temperatures on the walls.  

For first order give: 

                                 
  

  
                                                (4.4.a)                                  

For Second order 

                                
  

 
       

  

  
       

                                                 
      

 
                                                 (4.4.b) 

 

There being N nodal points in Y-direction and M in X-direction. On the other two walls, since 

the gradient in the Y-direction is zero.  

to first order accuracy: 

                                                                                                 (4.5.a) 

to second order accuracy: 

                           
    

 
                

      

 
                       (4.4.b)     

 

The stream function equation, i.e., Eq. (3.12), is treated in the same way as the energy equation. 

The following finite-difference form of Eq. (3.12) is, therefore, obtained: 
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(4.6) 

 

       
             

   
    

             

   
       

             

   
  
             

   
  

     
             

   
     

             

   
          

             

   
       

               

   
       

 

    
 

    
   

    
             

  
  

    

        
    

           

 (4.7)                 

The relaxation is also again used so the updated value of i, j is actually given by:  

                                               
      

        
         

                                            (4.8) 

where     
     is the value given by Eq. (4.7) and     

  is the value of      at the previous iteration. r 

(< 1) is again the under-relaxation parameter. 

 

Eq. (4.7) is applied at all "internal" nodal points. The boundary conditions have the value of'   = 

0 on all boundary points, i.e.: 

                             

                                                                                             (4.9) 
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The above procedure is actually implemented in the following way: 

 

 The values of      and      at all nodal points are first set equal to arbitrary initial values, 

typically the following are used:                                                                     

 

                                                                                

                                                                                                                              (4.10) 

 

The assumed   distribution is that which would exist if there was no convective motion, i.e., if 

conduction alone existed. Its use is consistent with the assumed distribution of    which implies 

that there is no flow in the enclosure.  

 Eq. (4.7) in conjunction with Eq. (4.8) is used to obtain updated values of      . Because 

iteration is being used, this process should really be repeated over and over until values of 

      corresponding to the initially assumed distribution of   are obtained. Experience 

suggests, however, that it is quite adequate to undertake this step just twice. 

 Eq. (4.2) in conjunction with Eq. (4.3) is used to obtain updated values of     . This step is 

also undertaken twice. 

 Steps (2) and (3) are repeated over and over until convergence is obtained the specified 

accuracy is | new value of      –old value of      | ≤        in iterative procedures. 
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 The heat flux rate distribution is obtained by applying Fourier's law at the opposite walls:- 

 

                                                                      
  

             

  
 

      
 

               

  
 

(4.11) 

 

 The local Nusselt number is obtained at the boundary conditions in x direction  

      
 

    
 

                                                                     
 

      

  

  
                                             (4.12) 

   where Nu is the local Nusselt number based on W and where it has been noted that   

 

                                                
  

 
       

  

  
                              (4.13)                               

                           

      The mean Nusselt numbers are given by: 

 

        
  

  

 
 

     

 
                       

     

 
  

         
  

  

 
 

     

 
                       

     

 
                                       (4.14) 

 

The finite difference program is found in the appendix. 
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4.4 Numerical solution justification: 

 

A finite difference numerical procedure is used to solve Eq (3.12) and Eq (3.13). An iterative 

procedure is used, in which all the variables at the nodal points are first suggested. Then, the 

updated values are obtained by the governing equations. The process is repeated until the 

convergence is attained. , the results are obtained for ϕ=-90°, A = 1, For = 0, Ge=0,     , and 

       and the values of the grid size are ΔX = ΔY = 0.01, and the total number of points is 

30. The grid spacing is found to have no effect on the presented solutions. To check the accuracy 

of the predicted results, a comparison is done with those of Vasseur et al, for the case of no 

magnetic field strength with a constant heat flux. The results are shown in Fig. 4.2. It is shown 

that they are in complete agreement. 

 

 

 

 

Fig. 4.2 Predicted results of the streamlines and isotherms for a vertical layer heated from the 

bottom obtained between the present results and those obtained by Vasseur et al. 
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By comparison the present results in fig. (4.3-b)  to the traditional result in fig. (4.3-a) which are 

obtained for      20,100 and 500, A = 1, For = 0, Ge = 0,      , it can be seen that the 

mean Nusselt number have the maximum value at ϕ=135°for both results. So, it can found that 

the results are identical.   

 

               

  (a)                                                                   (b) 

Fig. 4.3 Variation of mean Nusselt number with     for various ϕ. (a) Vasseur et al,   

(b) Present work  
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Chapter 5 

Results and Discussion 
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5.1 Introduction: 

 

A numerical study was performed to examine the steady-state, laminar convection iso heat 

flux problem inside a porous media filled inclined rectangular enclosures, the parameters are 

the magnetic influence number, the Rayleigh number, the Forchheimer number, the 

inclination angle, the aspect ratio of the enclosure, and the Gebhart number. Iso-heat flux is 

applied for heating the two opposing walls of the enclosure while the other two walls are 

adiabatic. The Finite difference scheme method is used to solve the momentum and energy 

equations. The effects of all parameters above are included in the final system of partial 

differential equations and there effects on the fluid flow and temperature are going to be 

studied. The dimensionless streamlines and isotherms are plotted to obtain flow patterns and 

temperature fields at different effects of all parameters above. Also, the effects of all 

parameters on the mean Nusselt number and the center dimensionless stream are plotted. 

5.2 The results without viscous and Joule heating effects  

      5.2.1 Magneto hydrodynamic effects: 

The Magneto hydrodynamic effects can be studied by using different values of the magnetic 

influence number     in the momentum equation for   =30°, A = 1, Fr = 0.01 and     = 100. 

The results show that the flow and temperature field are very complex, when the iso-heat flux is 

applied for heating the two opposing walls of the enclosure while the other two walls are 

adiabatic.  
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     a. Flow velocity (the dimensionless streamlines)  

Fig. 5.1 illustrates the stream function of the numerical results for various      . AT        

the q1 fluid rise up along the left-hand side wall  and descends along the center of the enclosure 

as seen in fluid dimensionless streamlines and the q2 fluid desends downward along the right-

hand side wall  and descends along the center of the enclosure quickly due to the usual 

gravitational buoyancy force, which forms a clockwise flow. At          and     the q1 fluid 

along the left-hand side wall ascends upward and the q2 fluid along the right-hand side wall 

descends downward with smaller dimensionless stream function by comparison with fluid flow 

at      . 

 

 At       and 4 the flow velocity of q1 fluid near the left-hand side wall has 

dimensionless streamlines bigger value comparason along the opposite wall. On one hand, 

with increasing    , the magnetic force becomes large and the dimensionless stream 

function of the q1 fluid along the left-hand side wall has bigger value than the q2 fluid along 

the right-hand side wall. On the other hand, the fluid in the middle half enclosure has two 

circulations of flow with bigger dimensionless stream function value by comparison with the 

flow along the walls. This is because the magnetic effect is just reversed to the usual 

gravitational convection effects. 
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                          (e)          (f) 

Fig. 5.1 Typical dimensionless streamline for various magnetic influence number (a)         

(b)            (c)           (d)        (e)         (f)       for  =30°, A = 1, 

For = 0.01, and     = 100 

 

b. Flow temperature (the dimensionless temperature) 

Fig. 5.2 illustrates the dimensionless temperature of the numerical results for various    = 0–  

for ϕ =30°, A = 1, For = 0.01, and     = 100, when                During convection iso 

flux dominant heat transfer, the temperature contours with          occur symmetrically near 

the opposite side walls of the enclosure. The other temperature contours with          are 

symmetrically curves which span the entire enclosure,. At          the temperature contours 

increase up to        near to side walls and           around center of enclosure. From 

        the temperature contours along the left-hand side wall ascends upward and the fluid 

along the right-hand side wall descends downward with smaller dimensionless temperature 

function by comparison with fluid flow at      . 
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                          (e)       (f) 

Fig. 5.2 Typical dimensionless temperature pattern for various magnetic influence number (a) 

        (b)            (c)           (d)        (e)         (f)       for 

=30°, A = 1, For = 0.01, and     = 100 

 

c. Nusselt number  

Figure (5.3) shows the relation between the variations of mean Nusselt number with magnetic 

influence number. It can be seen that the mean Nusselt number is decreased by increasing the 

magnetic influence number; this is due to decreasing in dimensionless temperature form along 

the left-hand to the upper half region and the lower half region along the right-hand side wall. 

This is due to the retarding effects of magneto hydrodynamic forces. 
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Fig. 5.3 Variation of Nu-mean with     for an enclosure for  =30°,  

A = 1, For = 0.01, and     = 100 

 

  5.2.2 The Modified Rayleigh number effects: 

   a. Flow velocity (the dimensionless streamlines) 

 

Figure (5.4) illustrates the stream function of the numerical results for various     ,for ϕ =30°, 

A = 1, For = 0.01, and     = 0.02, when the iso-heat flux is applied for heating opposing walls 

of the enclosure while the other two walls are adiabatic. When the Rayleigh number is small, i.e. 

At      = 1 the hot fluid along the left-hand side wall and the cold fluid along the right-hand 

side wall have small values of the dimensionless stream function of the fluid flow, which is 

0.003 at the center of the upper side and the lower side of the enclosure. However, when Raw is 
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100, the magnetic force has large effect on the heat flux rate, and the value of the dimensionless 

stream line becomes 0.55 at Ha
2
=0.002 at the center of the enclosure. 

  

 

 

 

 

 

 

(a)                                                                                 (b) 

 

 

 

 

 

 

(c) 

Fig. 5.4 Typical dimensionless streamline patterns for various Darcy-modified Rayleigh number 

(a)         (b)          (c)          for  =30°, A = 1, For = 0.01, and          
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   b. Flow temperature (the dimensionless temperature) 

Fig. 5.5 illustrates the dimensionless temperature of the numerical results for various Raw , for ϕ 

=30°, A = 1, For = 0.01, and          .when Raw =1 the dimensionless temperature of the q1 

fluid in the left -hand side wall and the right-hand side wall of the enclosure is increased up to 

0.25.when  Raw =100 the dimensionless temperature of the q1 fluid in the lower right-hand corner 

of the enclosure is increased up to 1.25. 
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(c) 

Fig. 5.5 Typical dimensionless temperature patterns for various Darcy-modified Rayleigh 

number (a)         (b)          (c)          for  =30°, A = 1, For = 0.01, 

and          

 

 

c. Nusselt number  

The effect of the aspect ratio A of the enclosure on the mean Nusselt number, It is found that, the 

increasing of aspect ratio A=1, 3 and 5 the Nusselt number decreases; this is due to larger 

thermal resistance in the heat transfer direction. It is clear also in this figure the favorable 

buoyancy forces effect in defining fluid velocities and higher coefficients of heat transfer. 
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It can be seen also, the mean Nusselt number is increased to reach the maximum value at     

   ; this is due to increasing in convection heat flux when the Modified Rayleigh number is 

increased.  

 

 

Fig. 5.6 Variation of Nu-mean with Raw for an enclosure for various A for  =30°, 

 For = 0.01, and          
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5.2.3 The inclination angle of the enclosure effects: 

In order to examine the effects of the inclination angle, computations are carried out for a fluid 

with    varying from 0 º to 180 º. Numerical results are obtained for      = 100, A = 1,     = 

0.02, and For = 0.01.  

  

a. Flow velocity (the dimensionless streamlines) 

 

Figure (5.7) illustrates the effect of the inclination angle of the enclosure on the dimensionless 

streamlines with other parameters unchanged, as it is shown,   has a certain effect on the heat 

flux and fluid flow. When   = 0 the q1 fluid along the left-hand side wall descends downward 

and the q2 fluid along the right-hand side wall ascends upward due to buoyancy forces, which 

forms a counterclockwise flow When   = 90, the q1 fluid along the left-hand side wall ascends 

upward and the q2 fluid along the right-hand side wall descends downward which forms a 

clockwise flow. When   = 180, the magnitude of magnetic force has no effect on the heat flux 

rate, this is due to the location of the q1 wall which becomes at the upper portion of the 

enclosure. The Maximum heat transfer rates are obtained for inclination angels nearly 60
◦
. 
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 (a) (b) 

Fig. 5.7 Typical dimensionless streamline patterns for various inclination angle of the enclosure 

(a)       (b)        for        , A = 1, For = 0.01, and          

 

b. Flow temperature (the dimensionless temperature) 

 

Fig. 5.8 illustrates the effect of the inclination angle of the enclosure on the dimensionless 

temperature with other parameters unchanged of the numerical results for various         . 

During convection iso flux dominant heat transfer, when       the temperature contours with 

         occur near along left hand side wall of the, and along right side wall of enclosure 

with         and the other temperature contours with         which is spanned in the entire 

enclosure, when         the dimensionless temperature value increases for the q1 fluid in the 

lower right-hand corner of the enclosure, it becomes larger than 1.25. 
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                         (a)  (b) 

Fig. 5.8Typical dimensionless temperature patterns for various inclination angle of the enclosure 

(a)       (b)        for        , A = 1, For = 0.01, and          

 

c. Nusselt number  

Figures (5.9 and 5.10) show the mean Nusselt number and dimensionless center-stream function 

have maximum value are obtained for inclination angels nearly 60
◦
. On the other hand, it can be 

seen that the dimensionless center-stream function is decreased by increasing the magnetic 

influence number and it is increased by increasing the Rayleigh number. 
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Fig. 5.9 Variation of mean Nusselt number and dimensionless center-stream function with angle 

of inclination for an enclosure for various     for        , A = 1, For = 0.01 

 

 

 

 

  

  

 

 

 

 

 

 

Fig. 5.10 Variation of mean Nusselt number and dimensionless center-stream function with angle 

of inclination for an enclosure for various     for A = 1, For = 0.01, and          
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5.3 The results with viscous and Joule heating effects: 

     5.3.1 Magneto hydrodynamic effects: 

The Magneto hydrodynamic effects can be studied by using different values of the magnetic 

influence number     in the momentum equation for   =30°, A = 1, Fr = 0.01, Ge = 0.05 

and     = 100. The results show that the flow and temperature field are very complex, when the 

iso-heat flux is applied for heating the two opposing walls of the enclosure while the other two 

walls are adiabatic.  

 

a. Flow velocity (the dimensionless streamlines) 

 

Fig. 5.11 illustrates the stream function of the numerical results for various      , the fluid 

circulation is strongly dependent on Magneto hydrodynamic as we have seen in Fig. 5.1. At 

       the dimensionless stream function of the q1 fluid along the left-hand side wall has 

bigger value than the q2 fluid along the right-hand side wall which is 1.5. At          and     

the hot fluid along the left-hand side wall ascends upward and the cold fluid along the right-hand 

side wall descends downward with smaller dimensionless stream function by comparison with 

fluid flow when      . When        and 4 the q1 fluid in left-hand side wall has 

dimensionless stream bigger value than the opposite wall. On the other hand, the fluid in the 

middle half enclosure has two circulations of flow and by increasing     the circulation of flow 
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becomes along the left-hand side wall and the dimensionless stream function is decreased to 

reach negligible value at      .  
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 (e) (f) 

 

Fig. 5.11 Typical dimensionless streamline patterns for various magnetic influence number (a) 

        (b)            (c)           (d)        (e)         (f)       for  =30°, 

A = 1, For = 0.01, Ge = 0.05 and     = 100 

 

  b. Flow temperature (the dimensionless temperature) 

 

Figure 5.12 illustrate the dimensionless temperature of the numerical results for various   . At 

    = 0 the dimensionless temperature value is increased for the q1 fluid in the lower right -hand 

corner of the enclosure to become larger than 1.45 due to the Gebhart number effects in Joule 

term  as seen in fluid isothermal contours. When     = 0.03 the q1 fluid isothermal along the 

left-hand side wall ascends upward and the q2 fluid along the right-hand side wall descends 

downward with smaller dimensionless stream function by comparison with fluid flow at     
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   On the other hand, from    = 1- 4 the temperature contours with Ө=0.28 occur symmetrically 

near the side walls of the enclosure the other temperature contours with Ө=0.12 are 

symmetrically curves which span the entire enclosure. 
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 (c) (d) 

 

 

 

 

 

 

 

       (e) (f) 

 Fig. 5.12 Typical dimensionless temperature patterns for various magnetic influence number (a) 

        (b)            (c)           (d)        (e)         (f)       for  =30°, 

A = 1, For = 0.01, Ge = 0.05 and     = 100 
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c. Nusselt number  

Figure (5.13) shows the relation between the variations of mean Nusselt number with magnetic 

influence number. It can be seen that the mean Nusselt number is decreased by increasing the 

magnetic influence number; due to decreasing in the dimensionless temperature value in the 

lower half region along the left-hand side wall. 

 

 

 

Fig. 5.13 Variation of Nu-mean with     for an enclosure for  =30°, A = 1, For = 0.01,  

Ge = 0.05 and     = 100 
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5.3.2 The Gebhart number effects: 

Figure (5.14) illustrates the effect of Gebhart number on the dimensionless streamlines and 

isotherms patterns with other parameters unchanged, as it is shown, By increasing the Gebhart 

number the dimensionless temperature value is increased therefore, the fluid velocity is increased 

At Ge = 0 the q1 fluid rises up along the left-hand side hot wall and the q2 fluid descends along 

the right-hand side cold wall as seen in fluid isothermal contours. On the other hand, the fluid is 

rotating around the centre of the enclosure with maximum fluid flow by comparison with the 

flow along the walls. From Ge = 0.02-0.05 the dimensionless temperature of the q1 fluid in the 

lower right-hand corner of the enclosure is increased and the q2 fluid in the upper left -hand 

corner of the enclosure is decreased, therefore, the mean Nusselt number at the hand side wall is 

decreased.  

 

By increasing Ge the dimensionless stream lines are moved to the upper right-hand corner and 

the dimensionless temperature value is increased for the q1 fluid in the lower right -hand corner 

of the enclosure to become larger than 1.75 at Ge = 0.08; this is due to the increasing in the work 

done by magnetic field force on the fluid and the increasing in the friction between the fluid 

layers inside the enclosure. Figure (5.15) shows the relation between the variations of mean 

Nusselt number at the cold-hand side wall with Gebhart number. It can be seen that the mean 

Nusselt number is decreased by increasing in the Gebhart number. This is due to the excessive 

heating of the conductive fluid layers and consequently small temperature gradients between the 

walls and the surfaces. 
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                                                                  (c) 

 

 

 

 

 

 

 

 

 

 

(d) 

Fig. 5.14 Typical dimensionless streamline and dimensionless temperature patterns for 

various Gebhart number (a)        (b)           (c)           (d)         for 

=30°,         , A = 1, For = 0.01, and     = 100 
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Fig. 5.15 Variation of Nu-mean at the cold-side wall with Ge for an enclosure for 

 =30°,        , A = 1, For = 0.01, and     = 100 
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    5.3.3 Modified Rayleigh number effects: 

a. Flow velocity (the dimensionless streamlines) 

 

Figure (5.16) illustrates the effect of Rayleigh number in the momentum equation on the 

dimensionless streamlines with other parameters unchanged, as it is shown, Rayleigh 

number has a certain effect on the heat flux and fluid flow. When the Rayleigh number is 

small, the magnitude of magnetic force has little effect on the heat transfer rate. At      

= 1 the hot fluid along the left-hand side wall and the cold fluid along the right-hand side 

wall have small value of dimensionless stream function of fluid flow, which is 0.004 at 

the centre of the enclosure. By increasing     to reach the maximum value which is 100, 

the magnetic force has larger effect on the heat flux rate and the value of dimensionless 

stream line reaches to become 0.8 at          at the centre of the enclosure. 
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(c) 

Fig. 5.16 Typical dimensionless streamline patterns for various Darcy-modified Rayleigh 

number (a)         (b)          (c)          for  =30°, A = 1, For = 0.01, 

Ge=0.05, and          

 

  b. Flow temperature (the dimensionless temperature) 

 

Fig. 5.17 illustrates the dimensionless temperature of the numerical results for various 

    . During convection iso flux dominant heat transfer, the temperature contours with 

         occur symmetrically near the side walls of the enclosure and the other 

temperature contours with        are symmetrically curves which span the entire 

enclosure, when          the dimensionless temperature of the q1 fluid in the lower 

right-hand corner of the enclosure increases, and the q2 fluid in the upper left-hand corner 

of the enclosure decreases.  
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(c) 

Fig. 5.17 Typical dimensionless temperature patterns for various Darcy-modified 

Rayleigh number (a)         (b)          (c)          for  =30°, A = 1, 

For = 0.01, Ge=0.05, and          
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 c. Nusselt number  

 The values of the mean Nusselt number are shown in Fig. (5.18). It is clear that as Raw 

increases, Nu-mean increases. This is due to favorable buoyancy forces. It is found that, 

When the Rayleigh number is small, the value of mean Nusselt number is 1 and then 

increases to reach the maximum value at        . It can be seen that the variation of 

Nu-mean with     for an enclosure for various A, as it is shown, the maximum value of 

mean Nusselt number is at A=1, this is due to negligible convection heat transfer effects 

when        and the value of Nu-mean = 1 means a pure conduction . 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5.18 Variation of Nu-mean with     for an enclosure for various A for  =30°, 

 A = 1, Fr = 0.01, Ge=0.05, and         
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5.3.4 The inclination angle of the enclosure effects: 

In order to examine the effects of the inclination angle, computations are carried out for a 

fluid with    varying from 0 º to 180 º. Numerical results are obtained for      = 100, A 

= 1,     = 0.02, For = 0.01 and Ge=0.05.      

a. Flow velocity (the dimensionless streamlines) 

 

Figure (5.19) illustrates when   = 0 the hotter fluid along the left-hand side wall 

descends downward, and the fluid along the right-hand side wall ascends upward due to 

the usual gravitational buoyancy force, which forms a counterclockwise flow, which 

forms a counterclockwise flow. When   = 90, the q1 fluid along the left-hand side wall 

ascends upward and the q2 fluid along the right-hand side wall descends downward with 

bigger value than dimensionless streamlines when   = 0, which forms a clockwise flow. 

When   = 180, the magnitude of magnetic force has no effect on the heat flux rate, this is 

due to the location of the q1 wall which becomes at the upper portion of the enclosure. 

The Maximum heat transfer rates are obtained for inclination angels nearly 60
◦
. 
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(a) (b) 

Fig. 5.19 Typical dimensionless streamline patterns for various inclination angle of the 

enclosure (a)       (b)        for        , A = 1, For = 0.01, Ge=0.05, 

and          

 

   b. Flow temperature (the dimensionless temperature) 

 

Fig. 5.20 illustrates the dimensionless temperature of the numerical results for various 

          for           , A = 1, For = 0.01,      = 0.02 and Ge = 0. 05. During 

convection iso flux dominant heat transfer, when       the temperature contours with 

         occur near along left hand side wall of the, and along right side wall of 

enclosure with        , when         the dimensionless temperature value increases 

for the hot fluid in the left-hand wall of the enclosure, it becomes larger than 0.18. 
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 (a) (b) 

Fig. 5.20 Typical dimensionless temperature patterns for various inclination angle of the 

enclosure (a)       (b)        for        , A = 1, For = 0.01, Ge=0.05, 

and          

 

 

c. Nusselt number  

Figures (5.21, 5.22, and 5.23) show the relation between the variation of mean Nusselt 

number and dimensionless center-stream function with angle of inclination for an 

enclosure for various    ,     , and Ge, respectively. It can be seen that the mean 

Nusselt number and dimensionless center-stream function have maximum value are 

obtained for inclination angels nearly 60
◦
.  On the other hand, it can be seen that the 

dimensionless center-stream function is decreased by increasing in the magnetic 
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influence number and it is increased by increasing the modified Rayleigh number; this is 

due retardation effect of the magnetic field and favorable effect of the buoyancy forces.  

 

 

 

Fig. 5.21 Variation of mean Nusselt number and dimensionless center-stream function 

with angle of inclination for an enclosure for various     for        , A = 1, For = 

0.01, and Ge=0.05 
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Fig. 5.22 Variation of mean Nusselt number and dimensionless center-stream function 

with angle of inclination for an enclosure for various     for A = 1, For = 0.01, 

Ge=0.05, and           
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Fig. 5.23 Variation of mean Nusselt number and dimensionless center-stream function 

with angle of inclination for an enclosure for various Ge for A = 1, For = 0.01,     
   , and           

 

5.4 Forchheimer number effects: 

Figures (5.24) illustrates the effect of Forchheimer number in the momentum equation on the 

dimensionless streamlines and isotherms patterns with other parameters unchanged, as it is 

shown, Forchheimer number has a certain effect on the heat flux and fluid flow by increasing the 

Forchheimer number the circulation of flow becomes in the upper portion of the enclosure and 

the dimension less stream function values are decreased; this is due to the increasing in the 

porosity inside the enclosure. On the other hand, the heat flux inside the enclosure becomes by 

conduction; due to decreasing in Nusselt number. Figure (5.25) shows the relation between the 

variations of mean Nusselt number with Forchheimer number. It can be seen that the mean 
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Nusselt number is decreased by increasing the Forchheimer number; this is due to decreasing in 

dimensionless temperature in the upper half region along the left-hand side and the lower half 

region along the right-hand side wall. 
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(c) 

 

Fig. 5.24 Typical dimensionless streamline and dimensionless temperature patterns for various 

Forchheimer number (a) For=0,  (b) For=0.008, (c) For=0.02, for  =30°, A = 1,      , Ge=0, 

and     = 100 
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Fig. 5.25 Variation of Nu-mean with Forchheimer number for an enclosure for  =30°, A = 1, 

     , Ge=0, and     = 100 
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Chapter 6 

Conclusion and 

Recommendation 
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6.1 Conclusion: 

 

In this study, the magnetohydrodynamics (MHD) natural convection heat transfer with Joule 

and viscous heating effects inside an iso-flux porous medium-filled inclined rectangular 

enclosure is studied numerically. An iso-heat flux is applied for heating and cooling the two 

opposing walls of the enclosure while the other walls are adiabatic. A finite difference 

scheme method was used. The conclusions can be obtained from previous results as a follow: 

 

(1)  The increasing magnetic influence number decreases the heat transfer coefficient and the 

fluid flow velocities, which is due to unfavorable retarding forces between the fluid layers. 

 (2) The increasing the Gebhart number decreases heat transfer rates, which is due to the 

excessive heating of the fluid layers. 

 

(3) The viscous and Joule heating effects depend directly on the Gebhart number.  

.  

(4) The heat flux rates and fluid flow velocities increase with the increase of the modified 

Rayleigh number. 

 

(5) The Maximum heat transfer rates are obtained for inclination angels nearly 60
◦
. 

 

(6) As the aspect ratio increases, both the heat flux and fluid velocities decrease, which is due 

to the unfavorable thermal resistance inside the enclosure. 
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6.2 Recommendations: 

In this study, the MHD-natural convection iso-flux interaction inside rectangular porous filled 

enclosures are going to be formulated using continuity, with Six-parameters are found to 

describe the problem under consideration namely; The non-Darcy effect parameter, the 

gravitational effect parameter, inclination angle parameter, magnetic effect parameter and the 

viscous heating effect parameter. 

The following suggestions for further investigation based on the previous work are 

recommended: 

1. Studying the problem with variations of both velocity and temperature fields in time. 

2. Studying the effect of changing the boundary condition. 

3. Studying the problem with add another term to the governing equations, such as the 

analogous to the Laplacian term that appears in the Navier-Stokes equation. 
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APPENDIX 

 Computer programme (MATLAB 7.0) 
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الإشؼاع يًهىء بىسط  جانكهشويغُاطٍسً فً جسى يحصىس ثابانحًم انحشاسي انطبٍؼً 

 يسايً

 إػذاد

 ٌىسف يحًذ جبش ػهً انبذوي

 انًششف

 انذكخىس حًزة انذوٌشي.الاسخار

 ملخص

يسخطٍم  انطبٍؼً انكهشويغُاطٍسً فً وسط يسايً ًٌلأ جسى يحصىسانحشاسي انحًم فً هزا انؼًم 

انشكم ويائم بزاوٌت بظهىس حأثٍش كم يٍ انحشاسة انُاحجت يٍ انجىل وانهزوجت سٍخى انبحث ػُها 

numerically . ٌٍحذود انجسى انًحصىس وضؼج بحٍث ٌكىٌ جذاسadiabatic  ٌٍو اَخش

isothermal  . يؼادلاث انؼزو وانطاقت سٍخى ححىٌهها إنىdimensionless form  باسخخذاو يخغٍشاث

 finite difference scheme. The governing parametersيؼٍُت وبؼذ رنك سٍخى حهها باسخخذاو 

وحأثٍش انزاوٌت وحأثٍش Rayleigh number هً حأثٍش انحًم انًغُاطٍسً و حأثٍش سقى جٍبهاسث و حأثٍش 

بٍُج َقصاٌ إَخقال انحشاسة و انُخائج انخً حى انحصىل ػهٍها . َسبت انطىل نهؼشض نهجسى انًحصىس

وَسبت انطىل  Rayleigh numberجشٌاٌ انًائغ بزٌادة انحًم انًغُاطٍسً ونقذ حبٍٍ أَه بزٌادة 

 Gebhartبزٌادة . نهؼشض نهجسى انًحصىس سىف ٌزداد كم يٍ إَخقال انحشاسة و جشٌاٌ انًائغ

number سىف ٌزداد كم يٍ إَخقال انحشاسة و جشٌاٌ انًائغ  . 
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